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Fourth-Order Accurate Three-Dimensional
Compressible Boundary-Layer Calculations

Venkit Iyer*
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A fourth-order accurate finite-difference procedure for solving compressible three-dimensional boundary-
layer equations is presented and applied to wing and ellipsoid flows. The method is fourth-order accurate normal
to the surface and second-order accurate in the streamwise and crossflow directions for arbitrary mesh
increments. The procedure is validated for a number of standard test cases over a range of Mach numbers. An
interface procedure is used to solve the surface Euler equations with the inviscid flow pressure field as the input
to assure comsistency at the boundary-layer edge. The importance of the interface procedure in ensuring
accuracy in edge boundary conditions is discussed. Details of applying the method to solve laminar flow past

wing- and fuselage-type bodies are presented.

Nomenclature
A, B, C, D; = coefficients in the transformed equations

a;, b, ¢ = £, 5, { differencing parameters

Cy = skin friction coefficient based on freestream
conditions

Cy = metric coefficient terms

F =u/u,

G =v/v,

g1 = metric coefficient

H = total enthalpy

hy, hy = metric coefficients in x, y directions

I = dH/0¢{, normal derivative of H

iLj, k = indices in £, y, { directions

L = dF /3¢, normal derivative of F

/ = (op)/ (Popc)

A =1l/o

M = dG/a¢, normal derivative of G

D = pressure

o = solution vector

q = total velocity = Vu? + v2 + 2uv g,o/(hhy)

Re, = reference Reynolds number, (u:&L * o)/ s

S = surface length in £ direction, |5k, df

T = temperature

t* = boundary-layer thickness, z* at ¥ = 0.99

u, v, w = streamwise, crossflow, and boundary normal
velocities

w = stretched normal velocity, w vV Re.;

X, ¥, 2 = streamwise, crosswise, and boundary normal
coordinates

b4 = stretched normal coordinate, z vV Re,

o = angle of attack

o = angle between surface tangent and chord

0 =T/T,

A = sweep angle
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u = viscosity

£ ¢ = transformed boundary-layer coordinates in
X, ¥, z directions

o = density

o = Prandtl number

¢

= e peSiU,

Reference Quantities

H = reference total enthalpy, (Ux?)/[(y — DM?2]
L* = reference length
Dret = reference pressure, po,Us?
- = reference temperature, Us%/R*
Upnp = reference velocity, Ug
uwr = reference viscosity, u}(T)
Dret = reference density, ps
Superscripts
* = dimensional quantity
Subscripts
e = edge of boundary layer
oo = freestream quantity
r, ref = reference quantity
w = wall value
1,2 = x, y directions

Introduction

AVIER-STOKES solutions for many complex aero-
dynamic shapes are now routinely obtained for relatively
coarse grid-point distributions; however, the accuracy require-
ments for three-dimensional stability and transition prediction
procedure require much finer grid-point distributions. Conse-
quently, accurate and efficient solution procedures for the
three-dimensional compressible boundary-layer equations are
required. In addition to accuracy considerations for stability
and transition prediction procedures, boundary-layer solu-
tions can often be obtained in embedded regions at a fraction
of the cost associated with obtaining Navier-Stokes solutions.
Numerical procedures and related software for two-dimen-
sional boundary-layer flows are routinely used in design and
analysis. An example of a widely used method is presented in
Ref. 1 (see Ref. 2 for a tabular summary of related proce-
dures). The theory and numerical algorithms used in these
two-dimensional procedures cannot be extended directly to
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general three-dimensional flows due to the mixed parabolic-
hyperbolic character of the three-dimensional equations (see
Wang?). In addition to the problems associated with the mixed
character of the equations, two initial data planes must be
specified in order to numerically solve the system. In the
present paper, a fourth-order numerical procedure for the
three-dimensional compressible boundary-layer equations is
presented and applied to flows past wing- and fuselage-type
bodies.

Governing Equations

The three-dimensional boundary-layer equations in non-
orthogonal surface coordinates are as follows (nondimen-
sional):
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The coordinates x and y can be either orthogonal or non-
orthogonal and lie on the body surface; the coordinate z is
orthogonal to both x and y (surface-oriented monoclinic sys-
tem; see Ref. 4). The metric tensor elements 4,, h,, and g,, are
obtained from the definition of the body surface and its par-
tial derivatives. These quantities are defined in the reference
frame Cartesian coordinates (x’, y', z’) as
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The surface Euler equations® are defined at the boundary-
layer edge as Z— oo

%‘li 8;;5 + Z—Z 6;;; + Coati? + Costtov, + Cogv?
.Z_T%% ZZ {j;;e + Csqu? + Cisuev, + Ciev?
oo

Given p(x, y) and initial conditions, the foregoing equa-
tions can be solved for u, and v, for each downstream (x, y).
This method is superior to interpolating the velocity compo-
nents from the inviscid grid to the boundary-layer grid. Since
the edge conditions are derived from a subset of the full
three-dimensional boundary-layer equations, consistency and
compatibility are assured. The correct behavior of the velocity
components at the boundaries can also be enforced.®

Transformation of the Equations

The equations are transformed to the (¢, », {) plane in order
to remove the singularity at x = 0 and reduce the growth of the
boundary layer in the computational plane. The transforma-
tion variables are £ =x, n =y (these symbols will be used
interchangeably; partial derivatives are distinct; (8/9£)!, ; as
against (3/0x)1, ;, for example). A transformed normal coor-
dinate ¢ is defined as

_ o y) S p dz ©)
PetteS) Jo

A new flow variable F'is also defined as the ratio of u to the
local edge value. The crossflow velocity is not scaled with
respect to the edge value, since crossflow reversal at the
boundary-layer edge may occur. Hence, G is defined as equal
to v/u, or v.

A new transformation normal velocity w is introduced such
that

8198 S

& S a{‘
U, 62 7 hl

w=w— 6x+h2

(10

The transformed momentum equations and energy equation
are as follows:

ow - OF aG
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+ B3F? + B,FG + BsG? + Bgf (12)
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9 - oFH dGH
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+ D;FH + Dy,GH + D;s (14)

The coefficients A4; B; C;, D; are functions of the edge
conditions (except for Ds, the viscous dissipation term). These
coefficients and associated parameters are defined in the Ap-
pendix. The equations can be simplified for a number of
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limiting cases at the flow boundaries. These are the line of
symmetry equations, the infinite swept-wing equations, simi-
larity flow equations, the attachment line equations, and the
stagnation point equations. Equation (3) is singular for sym-
metry line flow; consequently, it is differentiated with respect
to y and transformed using Eq. (9). For attachment line flow,
the x momentum equation [Eq. (2)] becomes singular at x = 0.
Differentiation with respect to x and a transformation similar
to Eq. (9) yields the attachment line equation. These equations
are in quasi-two-dimensional form and can be solved indepen-
dent of the three-dimensional region.

Discretization of the Equations

The discretization procedure for the momentum equations
is as follows:

_oF
i 1L — wF
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o= 9 = (15)
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Q’ can be obtained from the transformed equations [Egs.
(12) and (13)] as
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Q" can be obtained by differentiating Eq. (16) and using
Eq. (11) as
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A finite-difference approximation accurate to the fourth
order in ¢ for arbitrary A¢{ is required. The two-point compact
O(AY)* procedure allows the use of substantially less mesh
points normal to the wall boundary than traditional O(A{)?
procedures for a specified level of accuracy. The following
equation can be written at kK — Y2 (with A{= ¢ — G- )t

Ox ~ 01 ‘%-(Qlk + Q'k—1>

A2
. 1—§<Q”k +0% 1> + 0@ =0 a8)

The resultant system is of (4 X 4) block tridiagonal form in
F, G, L, and M. One major advantage of this scheme is the
application of wall and edge conditions. For km points in {,
the system vyields 4 - (km — 1) equations in 4 - krm unknowns.
The additional four equations are the no-slip boundary condi-
tions, F) =G, =0, and the edge conditions, Fy,, =1, Gy, = v,.

3 3
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Fig. 1 Finite-difference molecule for three-dimensional boundary-
layer solution.

amn

The discretization in the stream surface directions (¢, 9) is
O(A?. The grid points involved in the finite-difference ap-
proximation at (i, j, k + ¥2) are shown in Fig. 1. The 3/9¢
terms are replaced by a three-point backward formula and
3/0n terms by a four-point zig-zag scheme in order to correctly
represent crossflow reversal. Nonlinear terms are linearized by
Newton linearization. Iterative updates for 6F, 6G, 6L, 6M are
calculated at each step for the linear system. Application of
the ¢, £, and » differencing schemes and Newton linearization
yields a system of equations at each midpoint k& + %2 as follows:

1Sk 1+ DSy =14
where
Sk = (0F, Gy, 6Ly, 8M;)T (19)

The 4 X 4 blocks of a, b and the 4 X 1 vector r are given in
Table 1 of Ref. 7. At the wall, the boundary condition
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6F, = 6G = 0 is applied. As a result, the discretized system is
down-shifted by two rows, yielding a block-tridiagonal struc-
ture. The lower diagonal block «y, the diagonal block 8, the
upper diagonal block v,, and the right-hand side vector §, are

as follows:

k=1 k-1 —1 k-1
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k=1 k-1 k-1 _k—1
an a; ;o 4
Ay =
0 0
0 0 0
k=1 pk—1 pk—1 pk—1
by by by b
—1 pk—-1 pk—1 pk—1
8 byt BE' bETY b
k= k k Kk k
a;  axn  ayp dn
k k k k
as Aqy Qa3 Qa
0 0 0 0 rf!
0 0 0 0 5 k-1 20)
Yk T 0 pkel peel gkl peel |00 0K T K 20
b3 b bis b3y r3
k+1 k+1 k+1 k+1 k
b4 bs; bis bis ry
The resulting system is
Sk 1+ BiSk + Yi+ 18k +1 = Ok 21

The boundary conditions at the wall and the boundary-layer
edge modify the diagonal block and the RHS vector, resulting
in

1 0 0 0 " bl bl B
0 1 0 0 bi" bE" by by
S R N KO U S S
0411 aiz a413 0414 0 1 0 0

8=00 0 ri rll, b= A" 0 0F (22

For the solution of the energy equation, the system consists
of 2 x 2 blocks. The @, Q’, and Q" vectors are

[731 - WH} @3)

2 H

[ oFH dGH
D, T + D, o + DyFH + D,GH + D;s

Q- , 24)
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QG Sk 1+ BiSk =1
where
S = (Hy, )T (26)

For the adiabatic wall boundary condition, 3, and &, blocks
at the wall become

0 1 0
Blz l:aZII a212:|, 612 |:r21:| (27)

If a heat flux or temperature distribution is specified, the
corresponding 3, and §; are as follows:

1 0 H,
Bi= [azn agz]’ 61 = [ ,21] (28)

The application of the fourth-order scheme to the integra-
tion of the continuity equation yields

A AL
Wi = Wi +—§(W'k +wi_1) _l—g W% —wh_) 29

2
where
wo=a,% 1 a4r+4,% 46
at an
w”:il,a—L+A‘2L +213314+214M (30)
0t an

The integration proceeds with a specified value of w,, the
mass injection at the wall. The solution of the continuity
equation is decoupled from the solution of the momentum and
energy equations for simplicity. Convergence can be acceler-
ated by coupling at the expense of inversion of a system with
5 x 5 tridiagonal blocks.

Interface Procedure

An interface program is used to process the input inviscid
data and geometry. The individual features of the inviscid
flow and geometry can be dealt with in the interface proce-
dure. This permits the solution of the boundary layer to be
performed relatively independent of the selected inviscid soft-
ware and body geometry. As an example, the interfacing steps
for wing flow are briefly discussed (see Refs. 6 and 7 for a
more complete discussion). First, the inviscid attachment line
is accurately located by an iterative grid interpolation proce-
dure such that the velocity vector on this line is exactly tangen-
tial to it. Second, the boundary-layer surface grid is alge-
braically generated on the lower or upper surface to the
required resolution, followed by calculation of the metrics.
Next, the inviscid pressure field is interpolated from the coarse
inviscid grid to the fine boundary-layer grid by smooth tension

D, ai 1+ HL)Y+ D, Bi (GI + HM) + Dy(FI + HL) + D«(GI + HM) + Dj}
1

"o _ E
0= 1 [ oH
A 3%

I 25)
D\F — + DG — + Ds + I(w —7;)]

The finite-difference scheme for the energy equation is iden-
tical to that used for the momentum equations, however, the
block-tridiagonal system is set up to solve for H and I rather
than 6H and &/ since this produces a more diagonally domi-
nant system for solving the energy equation. The g, by, and
r; corresponding to the following system are given in Table 2
of Ref. 7.

splines. Finally, the surface Euler equations [Eqgs. (7) and (8)]
are solved with appropriate initial and boundary conditions to
obtain the edge velocities u, and v, consistent with the
boundary-layer equations. Direct interpolation of the velocity
vectors from a coarse inviscid grid to the fine boundary-layer
grid can give rise to large errors, especially in the boundary-
adjacent regions, where accuracy is critical.
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Fig.2 Solution boundaries and marching directions.

Solution Procedure

The boundary-layer solution is initiated with a specified
distribution of the x, ¥, hy, h, u,, and v, values. At each
station, the edge parameters that enter into the boundary-layer
solution scheme originate from the metrics and the edge veloc-
ities. From h;, h;, g1 and their gradients dh,/dx, 0h,/dy,
6h2/8x, ahz/ay, aglz/ax, aglz/ay, the values of C13, C24, Cz5,
Cs, Ci, Cas, Css, and S are calculated. From u,, v, (o.p.)
and gradients du,/d¢, du,/dn, v,/ 3§, dv./dy, the values of ¢,
3/0¢ (Ci39/h)) and 3/3n (C3¢/hyu,) are calculated. Finally,
1211, 1:12, ,;13, 1214, B3, B4, B5, C3, C4, C5 are the independent edge
quantities obtained from all of the foregoing that enter into
the boundary-layer solution routine. The temperature 7 is
used in the update of the viscosity and density termsinZ, I, 6,
and 6’. The parameter Ds in the energy equation can be
calculated once F, G, L, and M are known. As stated earlier,
some of the terms in the transformed equations vanish for
special cases of flow at boundaries. However, the basic mo-
mentum and energy equation solvers are designed for the
general form of the equations with appropriate logic to handle
the simplified cases.

The solution procedure for flow past a swept wing is chosen
as an example problem. For a wing of arbitrary planform and
taper, one suitable grid that can be used is the body-oriented
nonorthogonal grid consisting of constant chord and constant
span lines as shown in Fig. 2. The grid originates from the
curved attachment line near the leading edge. The grid lines in
the adjacent region are also curved, eventually blending to the
constant chord direction at a short distance downstream.

The side boundary solution is first generated near the root
region of the wing by solving the equations with locally in-
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Fig. 3 Solution profiles for supersonic flow past flat plate.
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Fig. 4 Variation of solution accuracy with interval size.

finite swept-wing approximation; i.e., the local spanwise vari-
ation is neglected. However, the values of the edge velocity are
used as obtained from the inviscid calculation that may have a
spanwise variation. The variation of the metric coefficients in
the spanwise direction is retained so that tapered wings are
correctly treated. The initial upstream profile is calculated by
solving the locally infinite attachment line equations.

With the j = 1 side boundary solution and the / = 1 initial
profiles available, solution in the grid interior is obtained by
solving the full three-dimensional equations. At each i station,
solutions are obtained by sweeping in the j direction from
Jj=2toj=jm—1. The j = jm point is solved using a two-
point scheme for the crossflow gradient terms. At any station,
the two previous / station profiles are retained for the calcula-
tion of the 9/dx and 8/dy quantities.

The wall boundary condition in the energy equation can be
set for an adiabatic wall or with a prescribed heat flux or
temperature distribution. For the adiabatic case 81, and I, are
set to zero and H, is obtained as the solution. Mass injection
at the wall, if any, is included while integrating the continuity
equation. The solution is marched downstream until separa-
tion is indicated by a large number of iterations required for
convergence.
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Results

The solution procedure has been validated on several stan-
dard cases (see Table 3 of Ref. 7). Brief descriptions of three
selected test cases are given here. Subsequently, results ob-
tained for flow past a swept tapered wing and an ellipsoid at
angle of attack are presented.

Supersonic Flow Past a Flat Plate

This two-dimensional test case was used to validate the
generation of similarity profiles at a sharp leading edge and
then calculate the two-dimensional flow downstream. The
freestream conditions are M, = 3.0, ps =400 1b/ft?, and
T» =400°R. The wall is adiabatic (from £ =0 to ¢ = 0.25;
L* =1 ft).

The similarity equations are first obtained at the leading
edge by dropping the £ gradient terms from Egs. (11-14),
resulting in

1

, 0 ., 9 - 1
w = 2F, 3§‘(1L WF)—ZF’ 6§(131 WH)——ZFH

31

The solution of the flow downstream is obtained by solving
the two-dimensional version of Egs. (11-14). Figure 3 shows
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Fig. 5 Boundary-layer thickness variation on infinite swept wing.
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Fig. 6 Comparison of velocity profiles for infinite swept-wing flow.
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the profiles of F, F’, T/T,, and H at £ = 0.25 for 21 points
distributed equally with {, = 8. The scheme, when reduced to
second-order accuracy (c; = ¢4 = 0), required about 70 points
to achieve similar accuracy.

The method reproduced correctly the Blasius value of
Cr_wVRe, = 0.664 when run for a low Mach number value.
The corresponding value for M, = 3 is 0.6089 that compares
well with the value obtained from Ref. 8.

The order of accuracy of the method was verified by varying
the step size. Figure 4 shows the variation of the accuracy of
solution profile as a function of A{. The error (defined as the
absolute difference between the solution and the ‘‘exact”” solu-
tion with km = 161, A{ = 0.05) showed a fourth-order rate
decrease. In some later applications, the { grid was exponen-
tially stretched so as to cluster more points near the wall. Since
the present method is a two-point scheme, the solution re-
mains fourth-order accurate for nonuniform grids as well.

Flow Past an Infinite Swept Wing

The infinite swept-wing equations are solved in this case;
the major assumption is that the flow is independent of the
spanwise coordinate. Since d/dy terms drop out, simpler equa-
tions can be written for the attachment line and the flow
downstream. v

The solution at the attachment line is dependent only on the
freestream Mach number and the sweep angle A. The numeri-
cal results (Cy, shape factor, Rey) agree very well with experi-
mental data obtained by Adam.? For the flow downstream,
the two-dimensional potential code GRUMFOIL!® was used to
calculate the external flow. The boundary-layer edge flow
quantities were calculated from these results by application of
the classical sweep theory!! as follows:

_ Uu,p COsA
(cos?a, cos?A + sin%e, )’

Ue

v, = sinA (1 —cosa.u,) (32)

where u;p is the total velocity past the airfoil section normal to
the leading edge. The metric quantities for this case can also be
calculated as a function of «., A, and S;, with £ being mea-
sured along S; and L * equal to the streamwise chord length.

Most of the experimental boundary-layer data on wings are
for turbulent flow, and hence code validation had to be done
by comparison with other numerical results. Calculations were
done for a wing with a NACA 0012 cross section (streamwise)
and A = 45 deg at M, = 0.2 and o = 2 deg. The results were
compared with those obtained using the Cebeci, Kaups'? code
for infinite swept wings. Figure 5 shows a comparison of the
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Fig. 7 Variation of F,, and Gy, for cylinder on flat plate flow.
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NACA 0012 wing, A=45°, a=2°

Fig. 8 Skin friction coefficient variation for swept-wing flow, upper
surface.
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Fig. 9 Boundary-layer thickness variation for swept-wing flow, up-
per surface.

boundary-layer thickness variation, and Fig. 6 shows compari-
sons of streamwise velocity profiles at a few streamwise sta-
tions on the upper surface. Separation locations on lower and
upper surfaces also agreed well between the two calculations.

Flow Around a Cylinder on a Flat Plate

This is a standard test case for three-dimensional incom-
pressible boundary-layer flow. The flow configuration con-
sists of a cylinder placed normal to a flat plate. The flat plate
boundary layer is thus subjected to an adverse pressure gradi-
ent caused by the cylindrical obstruction, leading to flow
separation. The flow is fully three-dimensional; simplifica-
tions exist in the metric coefficients due to the Cartesian grid
and the inviscid flow can be obtained exactly from potential
solution. The details of this test case are given by Fillo and
Burbank.!? They also present tables for F,, and G,, at several
crossflow planes. The initial solution upstream of the cylinder
is assumed to be the self-similar flat plate profile. The symme-
try plane solution is generated first by solving the symmetry
line equations. The full three-dimensional equations are
solved subsequently. Figure 7 shows a comparison of the
values of '’ at the wall with results given by Fillo and Bur-
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Fig. 10 Streamline angle at boundary-layer edge and at the wall,
swept-wing flow, upper surface.

bank (a factor of V2 is included due to different definitions).
Comparison with G’ values at the wall at several crossflow
planes also shows very good agreement.

Calculations on a Swept Tapered Wing

An important concern in the calculation of boundary layer
on wings is the generation of starting planes. If wing-alone
geometry is being considered, there is a flow symmetry line at
the wing root. However, at the symmetry line, the grid lines
must be orthogonal. For highly swept wings, this means that
constant-chord lines have to have a large curvature near the
syminetry line with a large number of stations clustered in this
area to resolve the geometry. In any case, a symmetric wing is
an idealized case, since a real wing is attached to a fuselage
and has a complex flowfield due to the interaction with the
fuselage boundary layer. Consequently, in the present work, it
was decided to adopt a locally infinite swept-wing assumption
at a span station slightly outboard from the wing root. In this
concept, the 5 direction variation of metrics is included so that
swept tapered wings are correctly treated. The flow gradients
in the n direction in the wing root plane are neglected, al-
though the edge velocities used are those obtained from the
inviscid code and, in general, have a spanwise variation.

The boundary-layer edge data are obtained from an inviscid
interface, with the inviscid data generated by a potential panel
code. The results presented here are for a NACA 0012 cross-
section wing with A =45 deg, oo =2 deg, and a taper and
aspect ratio of 0.5 and 3.0, respectively, for M, =0.3. The
solution was obtained for both the upper and lower surfaces.
Separation as seen by numerical divergence is located at 62%
on the lower surface and 34% on the upper surface.

Calculations were made with 11 and 41 points in the ¢
direction. The velocity profiles were predicted accurately with
11 points, which demonstrates the advantages due to the
higher order of accuracy and the transformation that correctly
scales the laminar boundary-layer growth. Figure 8 shows the
streamwise skin friction variation at two span stations near the
wing root and tip. Figure 9 shows the boundary-layer thick-
ness variation for the same stations for km = 11 compared
with the solution from a km = 41 run. The streamline angle
variations at the edge of the boundary layer and the limiting
values at the wall are given in Fig. 10.

Calculations on an Ellipsoid

The flow over an ellipsoid body at an angle of attack is a
standard test case for a three-dimensional boundary-layer cal-
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culation. The geometry is analytic and for low-speed flow, the
inviscid conditions can be obtained by an analytic formula-
tion. However, in the present calculation, the body definition,
metrics, and inviscid conditions were numerically input. In
this way, the program is applicable for general bodies also,
since no assumption is made about the analytic nature of the
body. The inviscid conditions corresponding to a 1:4 eccen-
tricity ellipsoid at o = 3 deg were calculated using the Hess
potential panel code.!* The boundary-layer edge velocities
were obtained from the surface Euler equations. Boundary-
layer calculations were obtained for the first 25% of the body
for Re, = 1.4 x 10°. Figures 11 and 12 show the variation of
the boundary-layer thickness and the streamwise skin friction
coefficient Cy .+ Res for several span locations. The present
results compare well with calculations reported by Wang."*

Conclusions

A fourth-order accurate finite-difference scheme for solving
the three-dimensional boundary-layer equations for general
aerodynamic bodies has been presented. The method uses the
second-order accurate zig-zag scheme in the crossflow direc-
tion. The procedure has been validated for a number of stan-
dard flow cases and has been applied to wing and ellipsoid
flows. The interface between the inviscid flow and the
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boundary layer through solution of the surface Euler equa-
tions has been demonstrated.

The fourth-order accurate method yields accurate results
for laminar flow on wings with as few as 11 points in the
boundary layer. Smooth and accurate profiles required for
stability analysis can be efficiently generated using the present
procedure.

Appendix: Coefficients in the Transformed
Three-Dimensional Boundary-Layer Equations

Coefficients for the continuity equation [Eq. (11)]

Y —sla< ¢>
A, = , A o
T 27 Ciyo 0%
- =8 - —Sla< ¢>
Ay = , A Cp3 — Al
} hZue 4= C13¢‘ 377 1 h2ue ( )

Coefficients for the x momentum equation [Eq. (12)]
B =—A;, B,= -1213

Sl aue

B; = lue a—f —Az + Cz4S1
S, 8 -

B4 = L ue A4 + C25 ﬂ
lue an U,

S . - -
Bs= 026; Bs = —(B; + By, + Bsv?)

2

By=By+A4, B,=B,+A4, (A2)

Coefficients for the y momentum equation [Eq. (13)]
Ci=-4, G=-4
Cs = C3yS1u,

- ~ S
Ci=—A;+8Cs5, Cs=—As+ Cy4 u—l

_ ave 2 £ 4,2
C6— <C1 8£+C2 e a17+C3+C4+C5Ue>
C4 = C4 + Az, C5 = C5 + ;14 (A3)

Coefficients for the energy equation [Eq. (14)]

Dy=—A4, D;=-A4A,

ubr u; 3 (-1-03
Ds=—>—-£ = g2
e 200\ A9
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